Abstract. In this paper we study real hypersurfaces in the complex quadric space Q m whose structure Jacobi operator commutes with their structure tensor field. We show that the Reeb curvature α of such hypersurfaces is constant and if α is non-zero then the hypersurface is a tube around a totally geodesic submanifold CP k ⊂ Q m , where m = 2k. We also consider Reeb flat hypersurfaces, namely, when the Reeb curvature is zero. We show that the tube around CP k ⊂ Q m (m = 2k), with radius π 4 is the only Reeb flat Hopf hypersurface with commuting Ricci tensor and also the only one with commuting shape operator. Finally, we prove that there does not exist any Reeb flat Hopf hypersurfaces with non-parallel Killing Ricci tensor or with Killing shape operator.
Introduction
One of the main research interests in the submanifold geometry is investigating interactions between submanifolds and some given geometric structures on the ambient space.
LetM be a Kähler manifold with the almost complex structure J and M ⊂M be a real hypersurface. Then J induces the orthogonal decomposition T M = C ⊕ span{ξ} where C = span{ξ} ⊥ is the maximal complex subbundle of T M and the vector field ξ, known as the Reeb vector field, is defined by ξ = −JN for some unit normal vector field N on M. Indeed, there is an almost contact metric structure (φ, ξ, η, g) induced on M where φ denotes the tangential component of J on M, η is the dual one form of ξ and g indicates the induced metric tensor on M. A Real hypersurface whose shape operator preserves the above decomposition of T M is referred to as a Hopf hypersurface.
In some known examples of homogeneous Kähler manifolds it has been shown that Hopf hypersurfaces are related to tubes around complex submanifolds. For example, according to Okumura [12] the Reeb flow of a real hypersurface M in the complex projective space CP m is isometric if and only if M is an open part of a tube around a totally geodesic CP k ⊂ CP m for some k ∈ {0, . . . , m − 1}. In the case of symmetric spaces with rank greater than one, Berndt and Suh [1] proved that the Reeb flow on a real hypersurface in the complex 2-plane Grassmannian G 2 (C m+2 ) = SU m+2 /SU m SU 2 is isometric if and only if the hypersurface is an open part of a tube around a G 2 (C m+1 ) ⊂ G 2 (C m+2 ). Another Hermitian symmetric space of rank 2 is the complex quadric space Q m = SO m+2 /SO m SO 2 . The complex quadric space Q m has some distinguished properties as it is the only compact parallel hypersurface in CP m+1 which is not totally geodesic (see [11] ). Moreover, it can also be described as a real Grassmann manifold of compact type with rank 2 ( [8] ). Accordingly, apart from the complex structure J, Q m admits a parallel complex line bundle A which contains an S 1 -bundle of real structures, namely, complex conjugations on the tangent spaces of Q m . For m ≥ 2, (Q m , J, g) is a Hermitian symmetric space of rank 2 with maximal sectional curvature 4 ( [14] ).
In comparison to CP m and G 2 (C m+2 ), classification of real hypersurfaces with isometric Reeb flow in Q m is different. In fact, it is shown in [2] that such hypersurfaces are open part of tubes around a totally geodesic CP k ∈ Q m , with m = 2k (see Theorem 2.2). One of the notions that have commonly been used to study geometry of submanifolds is Jacobi operator (see for example [5] , [6] , [7] , [9] ). Let ∇ denote the Levi-Civita connection on M with respect to the induced metric g. Then for a given unit vector field X on M the associated Jacobi operator is defined by R X = R(., X)X where R stands for the Riemannian curvature tensor field of M. The notion of Jacobi operator is related to Jacobi vector fields which are known to involve many significant geometric properties. Jacobi vector fields are solutions to the Jacobi differential equation ∇ γ ′ (∇ γ ′ Y ) + R(Y, γ ′ )γ ′ = 0 along a geodesic γ in M with the velocity vector field γ ′ . For real hypersurfaces in Kähler manifolds the so-called structure Jacobi operator R ξ is of special importance. Cho and Ki [5] classified real hypersurfaces in CP m with commuting structure Jacobi operator i.e., R ξ φ = φR ξ under the condition that Sξ is a principal curvature vector where S is the shape operator of the hypersurface. They proved that such hypersurfaces are congruent to tubes around a totally geodesic
In the complex 2-plane Grassmannian G 2 (C m+2 ), which has three structure tensors φ i , 1 ≤ i ≤ 3 due to its quaternionic Kähler structure J, it has been proved that there is no real Hopf hypersurface whose structure Jacobi operator commutes with φ i , 1 ≤ i ≤ 3 (see [6] ). In this paper we investigate real hypersurfaces with commuting structure tensor in the complex quadric space Q m . We consider the general case without assuming that the hypersurface is Hopf. First, we prove that the normal vector field N on M is A-isotropic everywhere (Proposition 3.1). Then we show that M is a Hopf hypersurface (Proposition 3.2) and consequently its Reeb curvature function defined by α = g(Sξ, ξ) is constant (Proposition 3.3). We then consider two cases; first when α is non-zero, where our first classification result states Then, we consider that the hypersurface M is Reeb flat, namely α = 0. Note that by equation (17) a Reeb flat Hopf hypersurface has commuting structure Jacobi operator and thus we can drop the condition R ξ φ = φR ξ from our assumptions in this case. In most studies on Q m concerning the Reeb curvature function, the case of α = 0 has been excluded. In this paper we give some characterizations for Reeb flat hypersurfaces in terms of their shape operator and Ricci tensor.
According to [2] around a
It follows from Proposition 4.4 that the family of Reeb flat real Hopf hypersurfaces in Q m in some sense lies between the family of contact hypersurfaces in one side, and some of the known families of almost contact hypersurfaces such as 3-Sasakian, trans-Sasakian and (nearly) Kenmutso Hypersurfaces on the other side. In fact, if a real Hypersurfaces M is contact then dη does not vanish identically at any point. We recall that M is called a contact hypersurface if there exists an everywhere non-zero smooth function ρ on M such that dη = 2ρω where ω is the fundamental 2-form defined by ω(X, Y ) = g(φX, Y ). On the contrary, a necessary condition for a real hypersyrface to be 3-Sasakian, trans-Sasakian or (nearly) Kenmutso is that the distribution C be integrable or equivalently dη ≡ 0. In Proposition 4.4 we show that for a Reeb flat real Hopf hypersurface M ⊂ Q m , dη does not vanish identically, at any point, but M is not contact.
Our next result demonstrates another unique feature of the tube of radius π/4 around CP k as a Reeb flat hypersurface: For the shape operator S of M, the property of being Killing (i.e., (∇ X S)Y + (∇ Y S)X = 0) is usually a generalization of being parallel (i.e., ∇ X S = 0). In [16] it is proved that there exists no real Hopf hypersurface with parallel shape operator in Q m . However, in [17] a classification of real Hopf hypersurfacs with Killing shape operator and non-zero Reeb curvature is given in terms of eigenvalues of the shape operator. Our last result considers the case α = 0 and states that vanishing Reeb curvature is a non-existence property for a real Hopf hypersurfac with Killing shape operator. The paper is organized as follows. In Section 2 we provide preliminaries on Q m and real hypersurfaces in it. The proofs of the results are given in sections 3 and 4. In Section 3 we get some general equations and results for real hypersurfaces in Q m with commuting structure Jacobi operator, although the section concludes with a classification result for the case of non-zero Reeb curvature. In Section 4 we focus on Reeb flat real Hopf hypersurfaces in Q m .
Preliminaries
In 
The operator A ζ anti-commutes with the complex structure J, A ζ J = −JA ζ , and we have the decomposition
where V (A ζ ) and JV (A ζ ) are, respectively, the (+1) and
From the Gauss equation for the complex hypersurface Q m ⊂ CP m+1 one gets the following formula for the Riemannian curvature tensorR of Q m in terms of its Riemannian metric g, complex structure J and a generic conjugation A in A:
for any X and Y tangent to Q m , where
Q m is said to be singular if it is tangent to more than one maximal flat in Q m . For the complex quadric Q m a non-zero vector W is singular if and only if either W ∈ V (A) for some A ∈ A [z] or g(W, AW ) = g(AW, JW ) = 0 for some (and hence, any) A ∈ A [z] . In the first case W is called a A-principal singular vector and in the second case it is known as a A-isotropic singular vector.
For each unit tangent vector
]. The number t is called the A-angle or characteristic angle of W and the vector W is A-principal, respectively A-isotropic, if and only if its A-angle is 0, respectively π 4 .
2.2.
Real Hypersurface in the complex quadric. Now let M be a real hypersurface of Q m . Fix a (local) unit normal vector field N on M. Then the unit vector field ξ = −JN is tangent to M and is known as the Reeb vector field of M. We denote its dual 1-form with η given by η(X) = g(X, ξ) for any X ∈ T M. The tensor field φ on M defined by JX = φX + η(X)N, with X ∈ T M, determines the tangential component of J and is called the structure tensor field of M. The hypersurface M together with the structure (φ, ξ, η, g) is an almost contact hypersurface of Q m . The distribution C = ker η is the maximal complex subbundle of T M and the tangent bundle T M splits orthogonally into T M = C ⊕ Rξ. The tensor φ coincide with the complex structure J restricted to C and φξ = 0.
From (1) and the Gauss equation for the hypersurface M in Q m we get the following formula for the curvature tensor of M with respect to its induced connection ∇:
where S denotes the shape operator of
The following lemma describes Q [z] .
Lemma 2.1 ([2, 16]). Let M be a real hypersurface in Q
m with unit normal vector field N. Then (i) The followings are equivalent:
] and we have
and Aξ [z] are pairwise orthogonal and
In what follows we always consider such a section when the normal vector is A-
If the integral curves of the Reeb vector field ξ are geodesics in M, then M is called a Hopf hypersurface. In this case ξ is a principal curvature vector of M everywhere and we have Sξ = αξ, where α = g(Sξ, ξ) 
is the Reeb curvature of M. It is shown that for a real Hopf hypersurface, α is constant if and only if M is A-principal or A-isotropic, that is, the normal vector field N is either A-principal or A-isotropic everywhere on M (see [16] ). Two groups SO m+1 ⊂ SO m+2 and U k+1 ⊂ SO m+2 , with m = 2k, act by cohomogeneity one on Q m , namely, the minimum codimension of their orbits is one. The action of SO m+1 produces two singular orbits: one is the totally geodesic complex hypersurface Q m−1 ⊂ Q m and the other one is a totally geodesic m-dimensional sphere S m . Tubes around a totally geodesic Q m−1 in Q m are examples of A-principal real hypersurfaces. These tubes admit contact structure and, in fact, it is proved that they are the only contact A-principal real Hopf hypersurfaces in Q m .
The action of U k+1 on even dimensional complex quadric Q m (m = 2k) also has two singular orbits and both of them are CP k embedded in Q m as a complex submanifold. Tubes around a totally geodesic CP k are of radius 0 < r < π/2 and they are examples of A-isotropic hypersurfaces in Q m . Properties of these tubes are given in the following theorem.
Theorem 2.2 ([2]
). Let M be a tube of radius 0 < r < π/2 around a totally geodesic Moreover, it is also shown in [2] that properties (iv) and (v) are equivalent on a real Hopf hypersurface in Q m and tubes around a CP k ⊂ Q m , with m = 2k are the only hypersurfaces which have these properties.
Real hypersurfaces with φR
In this section we study real hypersurfaces in Q m with the property that their structure Jacobi operator commutes with their structure tensor i.e., φR ξ = R ξ φ.
The structure Jacobi operator for the hypersurface M is defined by R ξ = R(., ξ)ξ. By (2) one has
Moreover, from the Codazzi equation we get
If we apply η to both sides of (3) then
for every X ∈ T M, from which and (3) one gets
On the other hand, we calculate R ξ φ(X) = R ξ (φX) using equation (3) as
Let the structure Jacobi operator R ξ commute with the structure tensor φ. Then from equations (5) and (6) we obtain
Taking inner product of (7) with ξ and using g(AφX, ξ) = g(AN, X) implies 0 = g(Aξ, ξ)g(AN, X)
for every X ∈ T M. Thus, at each point either g(Aξ, ξ) or g(AN, X), for every X ∈ T M, vanishes. In the first case we have g(AN, N) = −g(Aξ, ξ) = 0 and in the second case it follows that AN ∈ CN. So, by Lemma 2.1 at each point of M the normal vector N is either A-principal or A-isotropic. Moreover, equation (7) becomes
where α = g(Sξ, ξ) is the Reeb curvature function. Note that since we have not assumed the hypersurface M to be Hopf, the relation Sξ = αξ does not necessarily hold. 
where V (A| C ) and JV (A| C ) denote +1 and −1-eigenspaces of A| C , respectively. One can see from AJ = −JA that φ maps V (A| C ) onto JV (A| C ) and vice versa.
For
which, in particular, shows that SY = 0 for Y ∈ JV (A| C ). Now let X = X + + X − ∈ C [z] be such that SX = λX, for some λ ∈ R, where X + and X − are the components of X with respect to the above decomposition for C [z] . From (9) we get
apply A to (11) to get:
Subtracting equations (11) and (12) gives us
which by taking inner product with ξ concludes
If α is zero then we see from (9) that g(X, Sξ)φSξ = g(X, φSξ)Sξ and from that we get 0 = g(X, Sξ)g(X, φSξ)
for every X ∈ T M. Since the vectors Sξ and φSξ are orthogonal, equation (15) holds for every X ∈ T M only if Sξ = 0, which, in fact, means that M is Hopf. Next, let α be non-zero, then from (14) we get g(SφX − , ξ) = 0 and then by (13) one concludes 0 = λαφX + . By our assumption of m ≥ 3 and given the fact that the real codimension of C in T M is one, it can be seen that either there exists some X ∈ C [z] such that SX = λX with λ = 0 or the shape operator S is a scalar multiplication of the identity on C [z] . The first cannot happen since then it follows from (14) that α = 0. In the second case M is Hopf and according to [10] it is (locally) a tube around a totally geodesic Q m−1 in Q m . As we have considered A such that AN = N, M turns out to have three distinct constant principal curvatures α, −α and 0 of respective multiplicities 1, m−1 and m−1 and corresponding principal space Rξ, V (A| C ) and JV (A| C ) (see [3] ). Now, from (9) we obtain:
for every X ∈ T M. The above equation for X ∈ V (A| C ) gives 2φX = α 2 φX which clearly cannot hold if X is a non-zero vector. So, all together, we have proved:
the unit normal vector field N is A-isotropic everywhere on M.
From now on we assume that the normal vector field N is A-isotropic everywhere on M. Proof. Given Y ∈ T M, if we take covariant derivative of (9) in Y direction and put X = ξ we get
On the other hand, we have
Comparing these two equations yields φSξ = 0 or g(SY, φSξ) = −g(SφSY, ξ) = 0. If φSξ = 0 at a point, then Sξ ∈ Rξ which means M is Hopf at that point. For the other case, let φSξ be non-zero, then g(SY, φSξ) vanishes for every Y ∈ T M. By calculating covariant derivative of φSξ in the direction of ξ in Q m we get
Applying J to the above equation gives
while according to Weingarten formula∇ ξ Sξ = ∇ ξ Sξ − g(Sξ, Sξ)N. So, it follows that αJSξ = 0 which by our assumption of φSξ and hence JSξ being non-zero, concludes α = 0. Putting α = 0 into (9) implies g(SX, ξ)φSξ = g(SφX, ξ)Sξ which for X = Sξ becomes g(Sξ, Sξ)φSξ = g(φSξ, Sξ)Sξ
The right hand side of the above equation is zero by our assumption and thus we obtain g(Sξ, Sξ) = 0, and consequently, Sξ = 0. So, again the hypersurface M turns out to be Hopf.
Since we have proved that M is Hopf, we can use the relation Sξ = αξ hereafter. It is proved in [2] that a A-isotropic real Hopf hypersurface in Q m has constant Reeb curvature. Hence, Proposition 3.2 together with Proposition 3.1 implies The typical examples of real Hopf hypersurfaces in Q m with Aisotropic normal vector field are tubes around a totally geodesic CP k , with m = 2k. We conclude this section with the proof of our main result of the section, Theorem 1.1, which determines these tubes as the only hypersurfaces with non-zero Reeb curvature satisfying the relation R ξ φ = φR ξ .
Proof of Theorem 1.1. Note that equations (5) and (6) 
By Theorem 2.2, tubes around CP k ⊂ Q m , with m = 2k, have isometric Reeb flow, or equivalently, have commuting shape operator (Sφ = φS). Moreover, these tubes are the only real Hopf hypersurfaces in Q m with isometric Reeb flow. On the other hand, according to (17) , if α is non-zero the condition R ξ φ = φR ξ on M is equivalent to having commuting shape operator.
Reeb flat real Hopf hypersurfaces
In this section we investigate real Hopf hypersurfaces in Q m with α = 0 known as Reeb flat hypersurfaces.
As we mentioned earlier for a real Hopf hypersurface in Q m if α is constant then the normal vector field N is either A-principal or Aisotropic everywhere on M. Our first result in this section rules out that N be A-principal in the Reeb flat case: We first prove the following lemma. Proof. Let X, Y ∈ T M then we have
and
where we used g(SX, φY )N = g(Y, ∇ X ξ)N. So, the covariant derivative of φ can be given as
Now it follows that −φ∇ X ξ = SX − g(Sξ, X)ξ = −SX.
Proof of Proposition 4.1. From (4) we get
in which we used g(JX, Aξ) = −g(X, JAξ) = g(X, AN). On the other hand, using ∇ X ξ = φSX and the assumption Sξ = 0 one gets
Comparing the above two expressions for η((
which for X = ξ yields
Let A be a conjugation for which N = cos(t)Z 1 + sin(t)JZ 2 where
So, g(ξ, AN) = 0 and from (19) we get g(Y, AN)g(ξ, Aξ) = 0. If g(ξ, Aξ) = 0 then N is A-isotropic. Otherwise g(Y, AN) = 0 for every Y , which means that AN ∈ CN and thus by Lemma 2.1 N is Aprincipal and we may assume AN = N.
If N is A-principal then as in the proof of Proposition 3.1 one can see that J(A| C ) ⊂ ker S. On the other hand, if SX = 0 for any X ∈ C (i.e., η(X) = 0) then by (18) we get g(φX, Y ) = g(SφSX, Y ) = 0, for every Y , meaning that φX = 0. Then, we have 0 = φ 2 X = −X − η(X)ξ = −X which implies J(A| C ) = {0} and this is a contradiction since we have assumed that m ≥ 3.
For each real eigenvalue λ of the shape operator S, let
, and as a result
We have the following proposition on eigenvalues of the shape operator of M. and for every X ∈ Q(λ) we have φX ∈ Q(
Proof. Equation (18) can be written as
According to Proposition 4.1, N is A-isotropic, and by Lemma 5.1 in [13] we have SAξ = SAN = 0. By applying S to both sides of the above equation one gets
It follows form (20) that if SX = 0 then SφX = 0, as well. Also, if X ∈ Q(λ) and SY = 0 then g(φX, Y ) = 0. Let X ∈ Q(λ) and choose Y ∈ Q(µ) for some µ such that g(φX, Y ) = 0. Note that µ has to be non-zero. Then we have
where we used
We can also use (20) to calculate
Comparing the above equations we get λµ 2 = µ and therefore µ = So, given a basis X 1 , . . . , X k for Q(λ), φX 1 , . . . , φX k is a basis for Q( 1 λ ). Note also that SφSX = λ 1 λ φX = φX for X ∈ Q(λ) and therefore
for all X ∈ λ =0 Q(λ).
The proof of the previous proposition, in particular, implies that the subspaces Q ⊥ and Q(λ) ⊕ Q( In the next proposition we give some features of Reeb flat hypersurfaces which show that they are different from some known families of hypersurfaces. We also have
from which we get
and then with X ∈ Q(λ) and Y = φX one gets
If M is contact, according to [4] there exists a non-zero constant K such that (Sφ + φS) = Kφ. For X ∈ Q(λ), the constant K must clearly be λ + 1 λ
. While if we put X = Aξ then, since φAξ = −AJξ = AN, it follows that SAξ = SAN = 0 and (Sφ + φS)Aξ = 0 thus K should be zero, a contradiction. Therefore, M cannot be a contact hypersurface.
To see that dη does not vanish identically at any point, note that if dη ≡ 0 then η([X, Y ]) = 0 for all X, Y ∈ Rη ⊥ and by the above equation λ 2 + 1 = 0 holds, which is not possible.
In what follows we give some characterizations for Reeb flat hypersurfaces in terms of Ricci tensor.
By contracting equation (2) one gets
which for Reeb flat hypersurfaces, where N is A-isotropic, becomes
and then we have
and also for X ∈ Q(λ)
So, for a Reeb flat real Hopf hypersurface in Q m , the eigenspaces Q ⊥ and Q(λ) are eigenspaces of the Ricci operator, as well, and we have
A general version (i.e., with α arbitrary) of Proposition 4.5 and Theorem 1.3 are given in [17] under the extra assumption that the shape operator commutes with the structure tensor φ on Q ⊥ . We use Proposition 4.3 to get the result for Reeb flat hypersurfaces without that assumption. and their corresponding eigenspaces are of the same dimension.
Since the Ricci tensor is assumed to be parallel we get 2m − 4 = 2m − 1 + tr(S) So, it follows that λ = µ and ∇ ξ X ∈ Q(λ).
We define the function f on M by f = 2m−1+tr(S)λ−λ 2 . Then we have Ric(∇ ξ X) = f ∇ ξ X and ∇ ξ RicX = ∇ ξ (f X) = ξ(f )X + f ∇ ξ X from which one gets (∇ ξ Ric)X = ξ(f )X. We also have with corresponding eigenspaces of the same dimension. In particular, it turns out that in this case (∇ ξ Ric)X = (∇ X Ric)ξ = 0 and the Ricci tensor is parallel. So, from the above two equations we get 2SφSX = φX. Then it follows from (21) that 2φX = φX and thus φX = 0, which clearly cannot happen as X ∈ Q was arbitrary.
